Automatica 61 (2015) 146-155

journal homepage: www.elsevier.com/locate/automatica

Contents lists available at ScienceDirect

automatica

Automatica

Continuous-time stochastic consensus: Stochastic approximation and @CmssMark
Kalman-Bucy filtering based protocols”

Huaibin Tang?, Tao Li®!

2School of Information Science and Engineering, Shandong University, Jinan 250100, China
b Shanghai Key Laboratory of Power Station Automation Technology, School of Mechatronic Engineering and Automation, Shanghai University, Shanghai

200072, China

ARTICLE INFO

Article history:

Received 10 July 2014
Received in revised form
13 July 2015

Accepted 25 July 2015

Keywords:

Consensus

Stochastic system
Stochastic approximation
Kalman-Bucy filter
Asymptotic property

ABSTRACT

This paper investigates the continuous-time multi-agent consensus with stochastic communication
noises. Each agent can only use its own and neighbors’ information corrupted by random noises to design
its control input. To attenuate the communication noises, we consider the stochastic approximation type
and the Kalman-Bucy filtering based protocols. By using the tools of stochastic analysis and algebraic
theory, the asymptotic properties of these two kinds of protocols are analyzed. Firstly, for the stochastic
approximation type protocol, we clarify the relationship between the convergence rate of the consensus
error and a representative class of consensus gains in both mean square and probability one. Secondly,
we propose Kalman-Bucy filtering based consensus protocols. Each agent uses Kalman-Bucy filters to
get asymptotically unbiased estimates of neighbors’ states and the control input is designed based on the
protocol with precise communication and the certainty equivalence principle. The iterated logarithm law
of estimation errors is developed. It is shown that if the communication graph has a spanning tree, then the
consensus error is bounded above by O(t ') in mean square and by O(t~'/?(log log t)'/?) almost surely.
Finally, the superiority of the Kalman-Bucy filtering based protocol over the stochastic approximate type
protocol is studied both theoretically and numerically.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years, the distributed coordination of multi-agent
systems (MASs) has attracted more and more attention of multi-
disciplinary researchers, due to its wide applications in the for-
mation control (Fax & Murray, 2004), the distributed optimization
(Nedic & Ozdaglar, 2009), and the flocking problem (Olfati-Saber,
2006). The consensus problem, which is one of the most fundamen-
tal topics in the distributed coordination, has been widely studied
in the system and control community motivated by Vicsek’s model
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in Vicsek, Czirok, Ben-Jacob, Cohen, and Sochet (1995). Consen-
sus control generally means to design a distributed protocol such
that all agents asymptotically reach an agreement on their states. A
comprehensive survey on consensus problems can be found in Ren,
Beard, and Atkins (2005) and more recent results can be found in
Nourian, Caines, and Malhame (2014), Pasqualetti, Borra, and Bullo
(2014) and Su and Huang (2012), etc.

Consensus problems with random measurement or communi-
cation noises have attracted several researchers since such model-
ing reflects many practical properties of distributed networks. For
the consensus protocol with precise communication, for a given
agent, the weighted sum of relative states between neighbors and
itself is used to update the agent’s state. This weighted sum of
relative states can be viewed as a kind of spacial innovation. For
the case with communication noises, the spacial innovation is cor-
rupted. To attenuate the noise effect, one idea is using the cau-
tious control, that is, to decrease the algorithm gain. As long as
the consensus system evolves, the differences between agents’
states become smaller and smaller, then the new information
contained in the space innovation corrupted by noises becomes
less and less, so a vanishing algorithm gain has to be used. This
is so called distributed stochastic approximation type consensus.
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Huang and Manton (2009) considered the discrete-time stochas-
tic approximation type consensus algorithm with fixed topologies.
They proved that if the consensus gain a(k) (where k is the dis-
crete time instant) decays with a rate O(1/k"), y € (0.5, 1], the
communication graph has the circulant invariance property and
strong connectivity, then the algorithm ensures both mean square
and almost sure consensus. Huang and Manton (2010) extended
the results to the case with general digraphs, which proved that
if the digraph contains a spanning tree, then Zfzo ak)y = oo
and Y .2, a?(k) < oo suffices for both mean square and almost
sure consensus. Kar and Moura (2010) considered the discrete-
time distributed averaging with quantized data and random link
failures. By using dithered quantization, the quantization error
sequence is transformed to white noises and the stochastic approx-
imation consensus protocol is employed to ensure mean square
convergence of the algorithm. Li and Zhang (2010) considered the
case of fixed and time-varying topologies, and they showed if the
network switches between jointly-containing-spanning-tree, in-
stantaneously balanced digraphs, then the designed protocol can
guarantee that each individual state converges, both almost surely
and in mean square, to a common random variable, whose expec-
tation is right the average of the initial states of the whole sys-
tem. Besides, a rough estimate of the almost sure convergence rate
for the consensus error was given. Continuous-time stochastic ap-
proximation type consensus problems have also been widely stud-
ied. Li and Zhang (2009) showed that if the network is a balanced
digraph containing a spanning tree, then a necessary and suffi-
cient condition to guarantee the asymptotic unbiased mean square
average-consensus is [, a(t)dt = coand [ a®(t)dt < co. More
extended results on continuous-time stochastic approximation
type consensus protocols can be found for the leader-following
cases (Hu & Feng, 2010; Ma, Li, & Zhang, 2010), the case with gen-
eral digraphs (Wang & Zhang, 2009), the case with time-delay (Liu,
Liu, Xie, & Zhang, 2011) and the cases of second-order and lin-
ear dynamics with static state feedback (Cheng, Hou, & Tan, 2014;
Cheng, Hou, Tan, & Wang, 2011). And recently, this kind of pro-
tocols are applied to the containment control of multi-agent sys-
tems with random measurement noises (Wang, Cheng, Hou, Tan,
& Wang, 2014).

The works on continuous-time stochastic approximation type
consensus protocol mainly concentrated on the conditions to en-
sure the mean square or almost sure consensus. However, its
asymptotic convergence rate, which represents the negotiation
speed of the agents as time goes to infinity, is rarely investigated in
the relevant literature. It is more meaningful to study the relation-
ship among the asymptotic convergence rate, the consensus gain
function a(t), and the communication graph. In this paper, mo-
tivated by the above discussions, we investigates the asymptotic
convergence rate of the continuous-time stochastic approximation
type consensus protocol. We consider a representative class of con-
sensus gains which satisfy fooc a(t)dt = oo and fooo a’(t)dt < oo.
Using the basic results of stochastic analysis and algebraic graph
theory, in particular the law of the iterated logarithm of stochas-
tic integrals, we get precise estimations of the convergence rate of
the consensus error. It is found that if the consensus gain satisfies
that lim;_, o (t”a(t)) exists and is positive for y € (0.5, 1], and
fory = 1, lim;(ta(t)) > 1/(2Amin), With Ayin denoting the
smallest real part of Laplacian eigenvalues of the network graph,
we have: (i) the mean square of the consensus error is bounded
above by O(t ") asymptotically; (ii) for the case with balanced di-
graphs, the mean square of the consensus error is bounded both
above and below by @ (t ™) asymptotically; (iii) the consensus er-
ror is almost surely bounded above by O(t~"/2%¢) ¥ ¢ > 0, asymp-
totically for the case with undirected graphs. In this paper, we
improve the results of Li and Zhang (2009, 2010) in the sense
that (i) the mean square convergence rate of the continuous-time

stochastic approximation type consensus protocol is first given;
(ii) the almost sure convergence rate is estimated more precisely.

Since the vanishing consensus gain function is used in the
stochastic approximation type consensus protocol, the commu-
nication noises are attenuated at the price of a slower con-
vergence rate of the algorithm (Huang & Manton, 2009). This
motivates us to propose another idea to attenuate the commu-
nication noises. The received information from neighbors can be
filtered firstly to get the estimates of neighbors’ states, then the
estimates can be used instead of the true states for the control pro-
tocol design. This methodology for controller design is often used
in single-agent control systems and is called the certainty equiv-
alence principle. It is well-known that the Kalman-Bucy filter is
the main tool of state estimation for continuous-time linear sys-
tems driven by Gaussian white noises (Kallianpur, 1980; @ksendal,
2010). Here, based on the Kalman-Bucy filtering theory, we de-
sign a filter for each noisy communication link to get the asymp-
totically unbiased estimates of neighbors’ states, then the control
input of each agent is designed based on the consensus protocol
with precise communication (Olfati-Saber & Murray, 2004) and the
certainty equivalence principle. We develop the iterated logarithm
law of estimation errors and show that if the communication graph
has a spanning tree, then this novel Kalman-Bucy filtering based
protocol leads to both mean square and almost sure weak consen-
sus. Moreover, the mean square of the consensus error is bounded
above by O(t~!) asymptotically, and the consensus error for each
agent is almost surely bounded above by O(t~'/?(loglogt)'/?).
Comparing the convergence rates of these two kinds of protocols,
it is shown that the Kalman-Bucy filtering based protocol leads to
a higher convergence rate than the stochastic approximation type
protocol in some circumstances. Especially, we verify this superi-
ority for the case with undirected graphs.

The paper is organized as follows. In Section 2, we formulate
the considered consensus problem. Section 3 gives the asymptotic
convergence properties for the stochastic approximation type
protocol. In Section 4, we introduce the Kalman-Bucy filtering
based consensus protocol and analyze the convergence rate of the
consensus error. The protocol is also applied to a leader-following
scenario. The asymptotic convergence properties of these two
kinds of protocols are compared in Section 5, while a numerical
example is presented. Finally, Section 6 concludes the paper and
gives some interesting future topics.

In this paper, we will adopt the following notations: #2™*"
denotes the m x n dimensional real space; 1yx1 denotes an
N x 1 column vector with all ones; Oyyx1 denotes an N x 1
column vector with all zeros. For a given vector or matrix A,
AT denotes its transpose, and ||A|| denotes its Frobenius norm.
For a given complex number A, Re(A) denotes its real part and
Im()) denotes its imaginary part. The notion f(t) = 0(g(t))
denotes limsup,_, o, [f (£)/g(t)| < oo; f(t) = £2(g(t)) denotes
liminf,_ o [f(t)/g(t)] > O0; f(t) = ©O(g(t)) denotes 0 <
liminfi_, o [f(t)/g ()| < limsup,_,, If()/g(t)] < coand f(t) =
o(g(t)) denotes lim;_., |f (t) /g(t)| = 0.

2. Problem formulation

Let the communication topology of MASs be modeled by a
weighted digraph ¥ = {7, &, «/}. The set of nodes v =
{1, ..., N}, and node i represents the ith agent. A pair (j, i) belongs
to the edge set & < the jth agent can send information to the ith
agent directly. Here, j is called the parent of i, and i is called the
child of j. The neighborhood of the ith agent is denoted by .4 =
{i € 7|(,i) € &}. Node i is called a source if it has no parent but
only children. The weighted adjacency matrix & = [a;] € 2"*N.
Foranyi,j € #,a; > 0,and a; > 0 & j € .4 The Laplacian

matrix Ly = 2 — &/, where 9 = di.slg(zjl.\’:1 ayj, ..., ZJN:1 ayj).
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The digraph ¢ is called a balanced digraph, if Z;N:1 ai = Y n, aj
i=1,2,...,N.Itis clear that an undirected graph is a ba[’anced
digraph. A directed tree is a digraph, where every node except the
root has exactly one parent and the root is a source. A spanning tree
of ¢ is a directed tree whose node set is 7 and whose edge set is a
subset of &. In this paper, we make the following assumption and
use the properties of Laplacian matrices.

Assumption 1. The digraph ¢ contains a spanning tree.

Lemma 2.1 (Huang & Manton, 2010). Suppose that Assump-
tion 1 holds. Then (i) Ly has a unique zero eigenvalue and all other
N — 1 eigenvalues have positive real parts. (ii) There exists a unique
probability measure 7™ such that m"Ly = 0q,y. (iii) There exists a

. . — T
nonsingular matrix ® = (Inx1 ¢nxn—1)) and @ 1= (WN:)XN>

0

such that @ 'Ly ® = 0 Zi)' Here, all N — 1 eigenvalues of ig,

which are also nonzero eigenvalues of Ly, have positive real parts.

Hereinafter, we denote all distinct non-zero eigenvalues of Ly
by A1, ..., AL Amin = min{Re(Ap),1 < m < I}, and Apax =
max{Re(Anm), 1 <m < I}.

In this paper, we consider the consensus control for the N agents
with the dynamics

x() =u(t), i€V, (1)

where x;(t) € # and u;(t) € % are the state and the control input
of the ith agent. The measurement of the jth agent’s state by the ith
agent is modeled by

Yii(t) = x;(t) + ojin;i (D),

where {n;(t),i € ¥,j € .4} are mutually independent stan-
dard white noises, and o; > 0 is the noise intensity. Here,
the noises are independent of the initial states. Denote X(t) =
[X1(8), ..., xy()]",and (¢, X) is called a dynamic network (Olfati-
Saber & Murray, 2004). A measurement-based distributed pro-
tocol is a group of control inputs # = f{u;,i € V|ui(t) €
o (xi(s),y;i(s);j € 4,0 < s < t), Vt > 0} (Li & Zhang,
2009). The agents are said to reach almost sure (mean square, resp.)
strong consensus if there exists a random variable x* such that,
lim;_ o0 Xi(t) = x*,i € ¥ almost surely (lim;_, o E|x;(t) —x*|> = 0
and E|x;(t)|? < oo, resp.). The agents are said to reach almost sure
(mean square, resp.) weak consensus if for all distinct i,j € 7,
lim;_, o [%;(£)—%;(t)| = 0 almost surely (lim;_, o, E|x;(£)—x;(t)|* =
0, and E|x;(t)|? < oo foralli € ¥, resp.).

jem, (2)

3. Asymptotic properties for the stochastic approximation type
protocol

To attenuate the communication noises, the stochastic approx-

imation type protocol ug(t) = [ug (t), ..., U (t)]" with
() = a(t) Y a(y(t) — xi(1)), t>0, i€, (3)
jeNM

is a kind of effective consensus control laws. Here, the consensus
gain function a(-) : [0, c0) — (0, o0) is a piecewise continuous
function. Substitute the protocol (3) into the system (1). Denote
Xo(t) = [x41(b), ..., xay(t)]T as the corresponding closed-loop
states with respect to u,(t), then the closed-loop system in the
form of Itd stochastic differential equation is given by

dX,(t) = —a(t)Ly X, (t) dt 4+ a(t) X dw(t). (4)

Here, ¥ = diag(a! X1, ..., ay Zy), where o; is the ith row of the
weighted adjacency matrix < and X; = diag(oy;, ..., oyn;) With

Oji = 0 forj ¢ M. And W(f) = (wu(t), ey le(t), P U)NN(t))T
is an N? dimensional standard Brownian motion. In Li and
Zhang (2009) and Wang and Zhang (2009), it was proved that if
Js-a(tydt = oo, [~ a®(t)dt < oo, and Assumption 1 holds, then
the stochastic approximation type protocol (3) ensures both mean
square and almost sure strong consensus. Hereinafter, we denote
J = 1nx17T, and the consensus error 8q(t) = (Iy — )Xa(t). In
this section, we will show how fast §,(t) vanishes in both senses of
mean square and probability one. The following assumptions will
be used.

Assumption 2. The consensus gain function a(t) satisfies that
lim;_, o, t” a(t) exists and is positive, where y € (0.5, 1).

Assumption 3. The consensus gain function a(t) satisfies that
limtaoo ta(t) > ]/(Z)Lmin)-

Remark 1. If a(t) satisfies either Assumption 2 or Assumption 3,
clearly, we have [~ a(s)ds = oo and [;~ a?(s)ds < oo, which
are typical conditions on the consensus gain function (Li & Zhang,
2009).

Firstly, we analyze the convergence rate of E([|84(t)||%).

Theorem 3.1. Suppose that Assumption 1 holds. Apply the proto-
col (3) to the systems (1) and (2). If Assumption 2 holds, then the
closed-loop system satisfies E(||8,(t)]|?) = O(t™"); and if Assump-
tion 3 holds, then E(||84(t)]|?) = O(t™1).

Proof. Noticing that (Iy — )Ly = Ly = Ly (Iy —J), by Eq. (4), we
have

ddq(t) = —a(t)Ly8a(t) dt + a(t)(Iy — ) X da(t). (5)

Define Sa(t) = @~ 18,(t), with @ given in Lemma 2.1. Then it is
sufficient to analyze the convergence rate of E(||8,(t)||%) since @ is
nonsingular. By Eq. (5), Lemma 2.1 and 77 1y4; = 1, we have

dS.(t) = —a(t)diag(0, Ly)d(t) dt

0, x N?
+a(®) (l[/(N—l)xN(IN —])2> dao(t).

Denote 14(t) = (3g2(t), . .., San (t))T. Then we get
8a1(t) = 821(0) = "8,(0) = " (Iy — J)X(0) = 0.

By the variation of constants formula for SDEs, we get
t t
) = exp( Lo [ a6 ts)n@ + [ ats)
0 0

t
x exp(~La [ a)dr)oyantly —)E dot)

Hence, we know that E(||54(t)]12) = E([|7a(t)||?).

To obtain the desired upper bound, we begin by estimating
exp(—Lg fot a(s) ds). By Jordan matrix decomposition, there exists
an invertible matrix P such that P”igP = J;,- Here, J; is the
Jordan normal form Ofig, i.e.]iq = diag(s.nysraungs - -+ s Jagung)s
where q is the number of Jordan blocks, A1, . . ., Aq are all non-zero

eigenvalues of Ly, which may not be distinct from each other, and
Jrm.nm 15 the corresponding Jordan block of size n,, with eigenvalue
Am, m=1,...,q.It follows that

exp(—l:g /0 t a(s) ds)

=P exp(_Jig /f a(s) ds)pﬂ
0
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=P dia‘,tg(exp(—],\w1 /t a(s) ds), e,
0

exp (g /0 a9 ds) )t

and

exp(—]km_nm /: a(s) ds)

(‘ Jo a(s)ds)w1 e~hm Jo a(s)ds

e*}\,m fé a(s) ds
(N — 1!
m—2
(— fot a(s) ds)n e—km g a(s)ds

0 ...

= (Mt — 2)!
t t
0 e — f a(s) dse*m Jo 9 ds
0
0 ... e—m o a) ds

Note that the complex eigenvalues of the Laplacian matrix Ly will
occur in conjugate pairs since Ly is real, thus, each element of
exp(—Ly fot a(s) ds) is a finite linear combination of

(/t a(s) dS)kcos(Im(Am) /[ a(s) ds)efReammga(s) ds
0 0

and

(/Ot a(s) d5>k51n<1m(?»m) /Ota(s) ds)e*’“(*mfot a)ds

k=0,....,np,—1, m=1,...,q.
Similarly, noticing ¥/ (v—1)xn (In —J) ¥ is a constant matrix, and
each element of

t t
[ arexo(~La [ atydr) oty —Dz dots)
0 s

is a finite linear combination of

t ta(r)dr kcos Im(Ay) ta(r)dr
([ aar) cos(im@ | ayr)

"t
x e~ Relm) [5 adr g ) gy (s)
and

ft(/t a(r) dr)k sin(lm(km) /t a(r) dr)
0 s

S
t
x e ReCm) J5 a0 (0) iy (s),

k=20,....,n, —1, m=1,...,q, (j,i) € &. It can be proved
that for any fixed integer k, Re(A;) > 0 and s < t, there exists
& € (0,Re(Ap)) and Cy(k, €) > 0, such that

a(rydr) cos(Im(ry) | a(r)dr)| < Clesfsr“(r)dr, (6)
st k st

t X . [
“ - m < CyefJs o, (7)
‘(/ () dr) sm(lm(k )/ a(r) dr)’ < Cef Jatydr

For the case where Assumption 2 holds, by Lemmas A.1 and A.2, it

follows that for any given A > 0, we have e=2*/o @ d — o(t=7)
and

t
E( / a(s)e s andr da)ﬁ(s))2 =07, (8)

0
which together with (6) and (7) leads to E(||nq(t)[|?) = O(t™7).

For the case where Assumption 3 holds, noticing that
lim;_, o (ta(t)) > 1/(2Amin), we can always take ¢ satisfying Amin
— & > 1/(2lim;— (ta(t))). Then by inequalities (6) and (7) and
Lemma A.3, we can conclude that E(]|n.(t)]|?) = 0(t™1). O

Theorem 3.1 gives upper bounds of convergence rate of the
mean square consensus errors under general digraphs. In the
following theorem, we get the exact mean square convergence rate
of 64(t) if the network is balanced.

Assumption 4. The digraph ¢ is balanced.

Theorem 3.2. Suppose that Assumptions 1 and 4 hold. Apply the
protocol (3) to the systems (1) and (2). If Assumption 2 holds,
then the closed-loop system satisfies E||8,()||> = ©(t77); and
if Assumption 3 holds, then E||8,(t)||*> = ©(t™1).

Proof. Under Assumptions 1 and 4, by (5) and the It6 formula, it is
easy to check that

E(18a(01%) = E(|84(0)[|)e 2 fo 20

t .
+tr((d —))*x 3T / a?(s)e 2N fy awdugg.
0

Here, Ay is the largest eigenvalue of ig = (Ly + L;)/Z, which is

the Laplacian matrix of the symmetrized graph of ¢ (Olfati-Saber

& Murray, 2004). Noting the results obtained in Theorem 3.1, it
t

will be sufficient to show fot e~ 2 [s awdug2 (oygs = Q(t7) for

y € (0.5, 1]. And the result follows from Lemmas A.2 and A.3. O

If the network is undirected, we can give the upper bound of the
convergence rate of §,(t) with probability one.

Assumption 5. The digraph ¢ is an undirected graph.

Theorem 3.3. Suppose that Assumptions 1 and 5 hold. Apply the pro-
tocol (3) to the systems (1) and (2). If Assumption 2 holds, then the
closed-loop system satisfies ||8,(t)|| = O(t~"/?(loglogb;... (t))'/?)
as.; if Assumption 3 holds, then |[8.(t)] =  O(t~?
(loglog by, () ) as., whereb;, . (t) = fot @ (s)e2rmax Jo a0 dr s

Proof. We first consider the case where Assumption 2 holds.
Note that the adjacency matrix of an undirected graph is
symmetric. Thus, the Laplacian matrix can be diagonalizable
and all its eigenvalues are real. Under Assumptions 1 and 5,
similar to the proof of Theorem 3.1, we can conclude that each
element of 8,(t) is a finite linear combination of e~*n /o 94 and
fot a(s)e—*m fs a)dr dwji(s) form = 1,...,qand (j,i) € &. So it
will be sufficient to analyze the convergence behaviors of these two
kinds of items respectively. By Lemma A.1 and lim;_, o b, ,,, () =
oo, we have

e M ko @5 — o(t77/2(loglog by, (£) ).

Hence, we only need to consider the convergence behaviors of
t
fot a(sye™*m ks @M dgyi(s). For any given A € (0, Amax), denote

t
by(t) = / @ (s)eX o andr gg. (9)
0

It is easy to verify that lim;_,» b, (t) = oc. Thus, by the law of
the iterated logarithm of stochastic integrals (Chen & Guo, 1991;
Friedman, 1975), we have

T a(s)en 3 a0 doy s) ‘
)1 72

lim sup =1 as. (10)

t=oo (2by,, (t) loglog by, (t)
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By (9), we know that

t
’ﬂ”2ﬂoglogbxm(0)’1ﬂt/‘a(Qe‘*mlﬁﬂ”drda%(ﬁ
0

t
— (ty/ (12(5)672)\,11f;a(r)clrds)]/2

0

[ a(s)erm o4O goys) ‘

(b3 (t) loglogby,, (t))l/2 .

Combining Lemma A.2 and (10), it is concluded that

sup
t>0

< 00 a.s.

t
ﬂ”zﬂoglogblm(ﬂ)_lﬂ‘/‘a(ﬂe‘*m/:“”drda%(s
0

Thus, we have

t
/ a(sye > mJs amdr dwji(s) = O(t"/*(loglog b, (t))/?) a.s.
0
Noticing that b, (t) < b, () form = 1,...
conclusion of the theorem if Assumption 2 holds.

For the case where Assumption 3 holds, the result can be
obtained similarly by using Lemma A.3. O

, g, we get the

Remark 2. Noticing that (loglog 2b;,, (t))"/? = o(t?), Y& > 0,
from Theorem 3.3, we know that ||8,(t) || = O(t~7/?*¢) a.s., which
means that ||8,(t)| is dominated by O(t~7/>*¢) asymptotically
with probability one.

4. Kalman-Bucy filtering based consensus protocol

For the case with precise communication, i.e. o; = 0 for all
(j,i) € & (Olfati-Saber & Murray, 2004), the classical consensus
protocol is u;(t) = Zjew,» ai(x(t) — x;(t)), t = 0, i € ¥,
i.e. each agent updates its state by the differences between its state
and the information received from its neighbors. For the case with
communication noises (i.e., oj; > 0), since the ith agent cannot
receive x;(t) from the jth agent accurately, it is natural to use an
estimate instead of x;(t) itself. Here, based on the Kalman-Bucy
filtering theory, we propose the following protocol

() = Y &) —xi(0), t>0,i€7. (11)
jeN
Here, %;;(t) is the estimate of x;(t) by the ith agent based on its

observations {y;i(s), 0 < s < t}, which satisfies

Rji R
: (zt) (i () = &;i(0)) dt, (12)
i

d)?ﬂ,‘(t) = Llj(f) dt +

R:(t)
2
Ji

dRﬁ(t) = — dt, (13)

where the initial values %;;(0) and R;;(0) > 0 are chosen arbitrarily.

Remark 3. For each channel (j,i) € &, by introducing z;(t) =
fot yji(s)ds, from systems (1)-(2), we can extract a pair of state and
measurement equations given by

dx;(t) = u;(t)dt, (14)
dZﬁ(t) = Xj(l’)dt + Oiji dwj,-(t), Zj,’(O) =0. (]5)
Noting that the state Eq. (14) has no process noise, we apply the

Kalman-Bucy filter result (Kallianpur, 1980; @ksendal, 2010) to
systems (14)—(15) and then Eqgs. (12)—(13) are obtained. If k;;(0) =

E(x;(0)), R;i(0) = var(x;(0)) and x;(0) is normally distributed
and independent of wj;(t), then (12)-(13) constitute the classical
Kalman-Bucy filter, ie. X;;(t) is the conditional expectation
minimizing the mean square error E (%j‘i(t))z. However, since the
statistical information about x;(0) is unknown, the initial values
X;i(0) and R;;(0) > 0 will be chosen randomly in this paper.

Substituting the protocols (11)-(13) into the system (1), the
closed-loop system is given by

dX(t) = (—LgX(t) + MT (1)) dt. (16)

Here, M = diag(, ..., ay) is an N x N? dimensional block

diagonal matrix, where «; is the ith row of the adjacent matrix

o, V() = (] ©),.... 0 @) with 1['(t) = —Eqji(0), ...,

xyji())" being an N? x 1 vector, and X;;(t) being the estimation

error defined as

{&@—@ﬂx for (j, i) € &,
0,

otherwise. (17)

Xi(t) =
Similar to the case of stochastic approximation type protocols, we
denote the consensus error §(t) = (Iy — J)X(t). In this section,
after giving the asymptotical properties of the estimate X;;(t) and
the estimation error X;;(t), we will show the convergence rate of
4(t) in both senses of mean square and probability one.

Lemma 4.1. Iterated logarithm law of estimation errors: with
randomly chosen initial values X;;(0) and R;;(0) > O, the estimate
X;i(t) satisfying Egs. (12)-(13) is an asymptotically unbiased estima-
tor of x;(t). Moreover, the estimation error X;;(t) satisfies

. 1% ()|
lim sup =1 a.s.

oo /205it=1/2(loglog t)!/2

Proof. By Eq. (13), we get

Rii(0)o;;

Combining the definition of the estimation error X;;(t), Eqs. (1),
(12),(15) and (18), it is easy to check that

R;i(0)
Uj,z + R;(0)t

R;i(0)oj;

dx; (l’) = —
i Uj? + R;i(0)t

)~(j|j(t) dt — dwji(t)a

which gives

: R;i(0)oji

Xji(t) = X;i(0) — m%‘i@) (19)
i+ Rii

Oji
o + R;i(0)t

Noticing that X;;(0) and wj;(t) are independent, we have

2
% S Ve
E(lez(t)) Oﬁ n Rﬁ(O)tE(le!(O))’
and

ojtvar (%i(0)) + R2(0)ot

var (%;;(t)) = (02 + Ri(0)t)?
i '

Although the initial values %;;(0) and R;;(0) > 0 are chosen ran-
domly, we still have E(%;;(t)) = @ (t™!) and var (X;;(t)) = O (™).
Thus, X;;(t) is an asymptotically unbiased estimator of x;(t). Then
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by (19) and the law of iterated logarithm of Brownian motions, we
have

lim sup %i (O]
t>o0  /205t=1/2(loglog t)1/2

i R;i(0)t ;i (£)]
= limsup — 7
t—>oc0  Oj; + Rﬁ(O)t (2t loglogt)
=1 as. O

Now, we will analyze the convergence rate of E(||§(t)||?) under
Assumption 1.

Theorem 4.1. Suppose that Assumption 1 holds. Apply the proto-
cols (11)-(13) to the systems (1) and (2). Then the closed-loop system
satisfies E(||5(t)]|?) = O(t™M).

Proof. Denote S(t) = @~ 1§(t) with @ given in Lemma 2.1. Then
it is sufficient to show that E(||[5(t)||?) = O(t™') since & is
nonsingular. By (16) and Lemma 2.1, we have

01xn

dé(t) = (—diag(O, Ly)d(t) + (wwum(m _])MT(t)»dr.

Denote 5(t) = (3,(t), ..., dy(t))". Then we get
81(t) = §1(0) = "8(0) = 7" (Iy — J)X(0) = 0,
1 = exp(~Lgt) n(0)

t
+ [ exo (<Lt = 9) Y-ty —DMT 01,
0

Subsequently, we have E(||3(t)|2) = E(|n(t)||%). Following
the computation of n.(t) in the proof of Theorem 3.1, we
can conclude that each element of n(t) is a finite linear
combination of t* cos(Im(An)t)e ReCmt K sin(Im(Ap)t)eReGmt,
fot(t — )k cos(Im(hm)(t — 5)) e ROmME9%;:(s) ds, and fot(t -
)k sin(Im(Ap) (t—s)) e RO EZ () ds,k =0, ..., np—1, m =
1,...,q,(,j) € &.

Notice that for any fixed integer k and Re(A,,) > O, there exists
& € (0,Re(Ap)) and G, (k, €) > 0, such that

— s)¥cos(Im(ry) (t —5))| < Cet,

|(t = )" cos(Im(Am) (£ —9))| < Cre*™Y (20)
—)¥sin(Impy)(t —5))| < Gt

|t =) sin(ImGun) (£ —9))| < Cre" 21

By Lemmas B.1 and B.2, it follows that for any given A € (0, Amax)
and (j, i) € &, we have

t e—A(t—s)
/ ———ds=61,
o 0 +R;i(0)s

and

t e—k([—s) P 2 )
E —wii(s)ds) = ).
(/0 o7 + R0 ) =ee

This together with Eq. (19) leads to

t
E(/ e I%1(s) ds)2 —or"), V(i ee (22)
0

Combining Egs. (20), (21), (22) and e=?*t = o(t™1), it is concluded
that E(I8(0)|12) = 0t~ Y). O

Theorem 4.1 gives the upper bound of the convergence rate
of the mean square consensus error with general digraphs. If
the network is undirected, we can get the exact mean square
convergence rates of the consensus error.

Theorem 4.2. Suppose that Assumptions 1 and 5 hold. Applying the
protocols (11)-(13) to the systems (1) and (2), then the closed-loop
system satisfies E(||§(t)]|?) = © (™).
Proof. If Assumption 5 holds, then from the proof of Theorem 3.1,
we can conclude that each element of §(t) is a finite linear
combination of e=*m and e~ *m=9%;:(s)ds, m = 1,...,q, (i,)) €
&. Then the conclusion of the theorem follows from (22). O

For the convergence rate of §(t) with probability one, we have
the following theorem for the case with general digraphs.

Theorem 4.3. Suppose that Assumption 1 holds. Apply the proto-
cols (11)-(13) to the systems (1) and (2). Then the closed-loop system
satisfies [|8(t) | = O(t~"/%(loglog t)'/?) a.s.

Proof. Following the proof of Theorem 4.1, noting Egs. (20), (21)
ande™*" = o(t"/?(loglog t)"/?) for any A > 0, it will be sufficient
to prove that for any given A € (0, Amax) and (j, i) € &, we have

t
/ e *9%:(s) ds = O(t > (loglog t)'/?)  ass. (23)
0
By Lemma 4.1, we know that for any given ¢ > 0, there exists
to > 0, such that for any given s > to, [Xi(s)] < (1 +
£)+/205s~ /% (log log s)'/? a.s. Hence
t
t'2(loglog t)_l/z‘/ e MI%4(s) ds‘
0

to
/ e“ij“(s) dS‘
0

+ (14 £)v20;t*(log log t) ™72

< t"%(loglogt) /2~

t

fo

Notice that fot[’ e™X;i(s) ds is bounded a.s. due to the continuous
property of X;;(s). Combining with

lim t"?(loglogt)~ 2%~ =0,
t—o0

the first item tends to 0 as t — oo a.s. For the second item, by
L'Hopital’s rule, we have

t
[lim tl/z(loglogt)_m/ e 95712 (loglogs) /% ds
—00

to
d(ft; e*s~1/2(loglog s)'/? ds)/dt
lim
t—oo  d(eMt=1/2(loglogt)/?)/dt
=1/

Thus, it can be concluded that

t
sup(tl/z(loglog t)_l/z‘/ e M %(s) ds‘) <00 as.
0

t>0

and (23) holds. O

Now we apply the Kalman-Bucy filtering based protocols
(11)-(13) to the leader-following scenario. Assume that agent 1
is the leader, and its state is ¢}, which is chosen randomly and

remains a constant after. Since .#; = ), the first row of o is
. . _ 0 0
zero. The Laplacian matrix Ly = <_Bl(n—1)x1 L+ B), where the

digraph @ = {¥, &, </} denotes the subgraph formed by the N — 1
followers, and B = diag(as, ..., ay1). Clearly, all eigenvalues of
L; + B, which are also nonzero eigenvalues of L, have positive
real parts. Denote X (t) = (x2(t), ..., xy(t)) and the tracking error
8(t) = X(t) — ¥1n—1)x1. In the following theorem, we will give
the convergence rate analysis of the tracking error.
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Theorem 4.4. Suppose that Assumption 1 holds. Apply the proto-
cols (11)-(13) to the systems (1) and (2). Then for this leader-
following scenario, the closed-loop system satisfies E(IsO)?> =
o(t™") and |5(t)|| = O(t~"/*(loglogt)"/?) a.s., which means that
the protocols (11)-(13) ensure both mean square and almost sure
strong consensus. Moreover, if the subgraph ¢ is undirected, then
E(Is@)[1*) = e¢™).

Proof. By (16), for the leader-following case, we have

dX(t) = (—(Lg + B)X(t) + BO1(n_1yx1 + MT (t))dt.

Here, M = diag(as, ..., ay), where a; is the ith row of the adja-
cent matrix 7, and Y'(¢t) = (Y5 (t), ..., Yxy (t)" with ;' (¢t) =
—()?”i(t),...,fcmi(t))T. Hence, the tracking error is given by
d3(t) = (—(Lyg + B)3(t) + M7 (t))dt, which gives

8(t) = exp (—(Lg + B)t) 8(0)

t
+/ exp (—(Lg + B)(t — 5)) MT (s)ds.
0

By Theorems 4.1 and 4.3, we directly obtain that E(||3(t)||?) =
o(t~"yand |5(t) | = O(t~"/*(log log t)'/?) a.s. If the subgraph ¢ is
undirected, then its Laplacian matrix L¢; is symmetric. And L; + B
is also symmetric since B is a diagonal matrix. Therefore, L; + B
can be diagonalizable and all its eigenvalues are real. Similar to the
proof of Theorem 4.2, we have E(||5(t)||?) = ©(t~1). O

Remark 4. Here, for the Kalman-Bucy filtering based protocol, we
assume that the control input information of each agent was sent
to its neighbors accurately. If the transmission of control inputs
were corrupted by noises, then from the proofs of Lemma 4.1
and Theorem 4.1, there would be non-zero steady-state error for
the mean square consensus error E(||§(t)||?), and the amplitude
of E(]|§(t)]|?) would be proportional to the noise intensity. An
interesting problem is whether the closed-loop consensus error
is still vanishing if the control inputs of neighbors are neglected
n (12). This might be true, however, without the control inputs
of neighbors, the classical structure of the Kalman-Bucy filter is
corrupted and the closed-loop analysis becomes more difficult.

5. Comparison of stochastic approximation type and Kalman-
Bucy filtering based protocols

From Theorems 3.2 and 4.2, we can conclude that if Assump-
tion 3 holds, then the closed-loop systems satisfy E(||§(t)]?) =
© (E(|I84()]1)). However, for other cases, the Kalman-Bucy filter-
ing based protocols (11)-(13) may have a higher asymptotic con-
vergence rate than the stochastic approximation type protocol (3).
In this section, we will illustrate this property.

Theorem 5.1. Suppose that Assumptions 1 and 5 hold. Apply the
protocols (3) and (11)-(13) respectively to the systems (1) and (2).
If lim;_ o ta(t) exists and there exists a Laplacian eigenvalue A
satisfying that 21 lim;_, o (ta(t)) < 1, then the closed-loop systems
satisfy E(I8(1)I2) = o (E(I8a(6)])).

Proof. If Assumption 5 holds, from the proof of Theorem 3.1, we

can conclude that each element of §,(t) is a finite linear combina-
S t

tion of e~*m Jo A dr apq fot a(syem ks A goyu(s), m=1,...,q.

By the result of Theorem 4.2, it will be sufficient to show that

e=2+Jo 994 — 0 (r~m) with m < 1. Note that 24 lim,_, o (ta(t)) <

1. Then we can take 8 € (lim;_  ta(t), 1/24), and there exists

Tp > Osuch thata(t) < gt~ forallt > T,. Hence, we have
o2 o a(s)ds P fOTo a(s)dsTngzw_
And the conclusion follows from 2A8 < 1. O

Remark 5. From Theorem 4.2, we can see that the mean square
convergence rate of the Kalman-Bucy filtering based protocol can
always achieve ® (t 1) for the case with undirected graphs. How-
ever, for the stochastic approximation type protocol, by Theo-
rem 5.1, it is not always true that the mean square consensus error
E(I8.(0)]I?) = ©(t™") even if a(t) = ©(t~"). The convergence
rate of the stochastic approximation type protocol depends on not
only the convergence rate of a(t), but also the Laplacian eigenval-
ues of the network topology graph.

If the consensus gain function a(t) satisfies Assumption 2,
one can directly conclude that the closed-loop system satisfies
E(I8() %) = o (E(II84(t)]1*) from Theorems 3.2 and 4.2, that is,
the Kalman-Bucy filtering based protocol leads to a higher conver-
gence rate than the stochastic approximation type protocol. Ac-
tually, the convergence rate of the closed-loop system under the
Kalman-Bucy filtering based protocol is not slower than that un-
der the stochastic approximation type protocol for both cases of
a(t) = O Handa(t) =O(7),y € (0.5,1).

A numerical example for the leader-following case will be given
below.

Example 1. Consider a leader-following dynamic network of 4
agents with v = {1, 2, 3, 4}. The weighted adjacency matrix
of the communication graph is given by a;; = a3 = a3, =
as; = a43 = 1 and all other entries are zero. It is easy to check
that Ji, = diag(0,2, (3 + v/5)/2, 3 — +/5)/2). We take the
state of the leader x;(t) = 4 and X(0) = [4, 2, 5, 1], the noise
intensities o1, = 033 = 03; = 034 = 04 = 0.7. The stochastic
approximation type protocol (3) and the Kalman-Bucy filtering
based protocols (11)-(13) are implemented respectively. For the
stochastic approximation type consensus protocol, we take the
consensus gain function a(t) = (t41)~%%.Fig. 1 shows the curves
of closed-loop states and tE(||8,(t)]|?) under the protocol (3). Fig. 2
shows the curves of closed-loop states and tE(||5(t)||%) under the
protocols (11)-(13). As shown in Figs. 1 and 2, under protocol (3)
and protocols (11)-(13), the states of followers both converge to
the leader’s state. But as t increases, tE(||§(t)||?) converges, while
tE(||84(t)||?) diverges. Hence, we can infer that E(||§(t) ||?) vanishes
faster than E(||8,(t)[|%).

Remark 6. For the protocols (11)-(13), one may wonder whether
there exists a realization issue, since to calculate u;(t), u;(t),j € .4,
are needed. Below we give the discretization of the Kalman-Bucy
filtering based protocols for the continuous-time systems, from
which we can see that to calculate u;[kT;], only u;[(k— 1)Ti],j € A4,
are used. Here, u(t) = u(kT;), t € [kT, (k+ 1)T;),fork =0, 1, ...,
with T as the time sampling interval. For ease of notation, u(kT;)
and x(kTs) are abbreviated as u[k] and x[k], respectively.

e System model and measurement model:
Xi[k + 1] = x;[k] + w;[k]T,
Yiilk] = x;[k] 4 ojinmji[k],

e Assumptions: (i) the ith agent can receive its neighbor’s control
input accurately. (ii) the noise sequences {n;(k), i € *,j €
4} are mutually independent stand white noises which are
uncorrelated with xg.

e Initialization: for alli € ¥ andj € .4, we set )?j“[O] =1,
R;i[0] = 1.

forie 7,
forj e 4.
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Fig. 1. Case with the stochastic approximation type protocol (3): curves of closed-
loop states and tE (|| 84 (t)1?).
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Fig. 2. Case with the Kalman-Bucy filtering based protocols (11)-(13): curves of
closed-loop states and tE(||5(t)[|?).

e Fork=0,1,2,...,foralli € 7,theithagent takes the protocol
wlkl =) ayRyulkl — xi[k),
jeH
and sends u;[k] and x;[k] to its neighbors.
e Foralli € 7, the ith agent updates its state as follows:
xilk + 1] = xi[k] + wi[k]T;.

eForalli € 7,andj € .4, we update the estimate of the
neighbor’s state and the Kalman gain for each communication
channel given by
. N Rji[k] R
Xjilk + 11 = X;i[k] + w;[K]Ts + o (viilk] — &;lk1) T,

ji

Rjzi[k]
2
Jji

Rilk + 1] = R;[k] — Ts.

Remark 7. Comparing with the stochastic approximation proto-
col, the Kalman-Bucy filtering based protocols (11)-(13) have
superiority in the convergence rate. As a trade-off, more infor-
mation are used, e.g., the statistic information of the noises, the

accessibility of neighbors’ inputs information. Besides, since the
dynamics of the Kalman-Bucy filter is introduced in each agent,
more computation is introduced. Here, as a preliminary research,
we give a framework based on Kalman-Bucy filters and many in-
teresting problems remain open for improving the performances
with less information and resources.

6. Conclusion

In this paper, the continuous-time consensus problem of net-
worked agents with noisy measurements and fixed directed
topologies has been considered. By the tools of stochastic calcu-
lus, algebraic graph theory and limit analysis, we have analyzed
the asymptotic properties of two kinds of consensus protocols:
stochastic approximation type and Kalman-Bucy filtering based
protocols.

For the stochastic approximation type protocol, we have quan-
tified the convergence rate of the consensus error in both mean
square and probability one. The relationship between the conver-
gence rate and the consensus gain function has been revealed. It is
found that if the consensus gain function a(t) satisfies that t” a(t)
converges to a positive value as t — oo, y € (0.5, 1], then the
mean square of the consensus error is bounded above by O(t™7)
asymptotically, and the consensus error is almost surely bounded
above by O(t~7/2*¢), ¥ ¢ > 0, asymptotically. For the Kalman-
Bucy filtering based protocol, each agent uses Kalman-Bucy fil-
ters to get asymptotically unbiased estimates of neighbors’ states
and the control input is designed based on the protocol for precise
communication and the certainty equivalence principle. The iter-
ated logarithm law of estimation errors has been developed. It is
shown that if the communication graph has a spanning tree, then
the consensus error is bounded above by O(t~!) in mean square
and by O(t~'/?(log log t)'/?) almost surely. At last, we compare the
stochastic approximation type protocol and the Kalman-Bucy fil-
tering based protocol, and verify the superiority of the latter both
theoretically and through simulation.

There are some restrictions in this paper and many interesting
topics are still open.

(a) For the convergence rate analysis of the stochastic approxima-
tion type protocols, it is valuable to weaken Assumptions 2 and
3to [, a(s)ds = oo and [;~ a*(s)ds < oc.

(b) It is of interest for models with dynamic topologies, and in
particular, extending our results to networks with switching
topologies.

(c) Asstated in Remark 4, for the Kalman-Bucy filtering based pro-
tocol, we assume that the protocol input information of each
agent is sent to its neighbors accurately. The problem whether
the close-loop consensus error is still vanishing if neglecting
neighbors’ control inputs remains open.

(d) As stated in Remark 6, the Kalman-Bucy filtering based proto-
col has a discrete-time version. Extending the results in this pa-
per to the discrete-time case is not difficult. An interesting topic
is the sample-data based analysis for the overall hybrid system.

(e) As stated in Remark 7, more information and computation
resources are required for implementing the Kalman-Bucy fil-
tering based protocol. It would require more substantial inves-
tigation to improve this protocol and reduce the computational
burden in future.

Appendix A. Auxiliary lemmas for Theorem 3.1

Lemma A.1. Suppose that Assumption 2 holds. Then for any given
t
A > 0, we have =24 Jo 2®ds — o(t~7),
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Proof. By Assumption 2, there exist Ty > 0 and « > 0 such that
a(t) > at™? forall t > Ty. Hence, it follows that

1—y _ 2h 1-y
—ZAfO a(s)ds , $2% T, =t

¢
e 2* Joa®ds e] vlo " e

Take u = t‘*V, thenu — ocoast — oobyy € (0.5,1). By
y/(1—1y)>0and -2 /(1 — y) < 0, we see that

_ 2\ J1—y Y _ 2

. ==t . T—u

lim tYe v = lim u™7re -  =0.
t—o00 u—oo

t t
Hence lim,_, o, t¥e~2*J0 9085 — 0 je. e 22 S 9085 — o(t=7). [

Lemma A.2. Suppose that Assumption 2 holds. Then for any given
A > 0, we have

t
lim t” / @ (s)e~2 s andr ds = lim (t"a(t))/(21).
0 — 00

t—00
Proof. By Assumption 2 and Lemma A.1, it is easy to check that

lim (H—V St a(t))? - =7 o2 Jp a®) ds)
t—o00

= Q.

lim ta?(t)e?fo )% =
t—00

Then by the Cauchy criteria of improper integral, Lemma A.1 and
Assumption 2, using L'Hopital’s rule, it follows that

t
lim t”f a2(s)e’2”st“(’)d’ ds
0

t—o00
d( S @ (s)e? lsamar ds) /dt
= lim
t—00 d(t—l’e”fff a(r) dr)/dt
lim (¢7a(0)/21). O

Lemma A.3. Suppose that Assumption 3 holds. Then for any given
A > 0 satisfying 21 lim,_, o (ta(t)) > 1, we have

672)» fé a(s)ds — O(til) (Al)
and
t
/ @ (s)e 2+ a0 4o — g (¢, (A2)
0

Proof. For any « € (1/(2)), lim,_, o (ta(t))) and
B > lim;_, (ta(t)), by Assumption 3, there exists Ty > 0 such
thatat™' < a(t) < Bt~ forall t < Ty. Then we have

T
o2 o as) ds < 2 fplaw)ds | TOZ’\‘" 2k

Note that 2A« > 1 and hence Eq. (A.1) follows. Similarly, we get

t
t
/ az(s)e—Z)Lfs a(r)dr ds

0

To t t t 1
< / a2(s)e*2*fs andr ge 4 ,32 g 2p— 20 [ rTldr o
0

To

and

t t
t to—1
/ az(s)efzxfs a()dr g > az[ szefzwfs rldr e

0 To

The item fOTO @(s)e~2*Js a0 gs is dominated by o(¢~") from Eq.
(A.1). Note 218 > 2Aa > 1,and for m > 1 we have

t
/ s72emL T s — 1/ (m — )¢ — T = e h.
To

Then Eq. (A.2) can be obtained. O

Appendix B. Auxiliary lemmas for Theorem 4.1

Lemma B.1. Suppose that Assumption 1 holds. Apply the proto-

cols (11)-(13) to the systems (1) and (2). Then for any given A > 0,
we have
t e—)u([—s) 1
lim ¢t 3 ds = . (B.1)
t=oo Jo o + R;i(0)s AR;i(0)

This lemma can be obtained by using L’Hopital’s rule and the details
are omitted here.

Lemma B.2. Suppose that Assumption 1 holds. Apply the proto-

cols (11)-(13) to the systems (1) and (2). Then for any A > 0, we
have
t e*).(t*s) 2
lim E ( f i) ds) = . (B2)
=00 " \Jy o +Ri(0)s A2R2(0)
Proof. It is easy to check that
t e—k(t—s) 2
E(/ 27&)]'1‘(5) dS)
0 Oj +Rji(0)5
o2 / / MHH)E a)j, (S)wj,(u)) duds
(o7 + R],(O)s)( + R;i(O)u)
s ueAu
= 2e‘2“/ / . du ds. (B.3)
0 0 +Rji(0)5 o o +Ri(O)u
)L
By lim,_ o UW du = oo and the Cauchy criterion of the

improper 1ntegral we have

i /s ueku J
im ———— du = 00,
s> Jo of + Ri(O)u

which leads to

AS s ueku
lim s— / 5 du
s>oo o + R;i(0)s Jo o +R;i(0)u
Hence, by Eq. (B.3) and the Cauchy criterion of the improper
integral, using L'Hopital’s rule twice, we have

t —A(t—s) 2
lim tE(/ ——w;ii($ dS)
t—00 0 0’.2 + Rj,‘(O)Sa)ﬂ( )
ueA”
) ( fo of +ij(0)5 fO ojf 21 Rii (O)u duds)/dt
= lim
t—00 d(t ]EZAt)/dt
. ( fo 2+Rj,(0)u du)/dt
=2 d(e" (24R;(0) + (2h0} — Ri(0)t~" — oft2)) /de

1/(A*R3(0)),
which gives (B.2). O
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